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COMPUTING ALL POWER INTEGRAL BASES IN ORDERS OF
TOTALLY REAL CYCLIC SEXTIC NUMBER FIELDS

ISTVAN GAAL

ABSTRACT. An algorithm is given for determining all power integral bases
in orders of totally real cyclic sextic number fields. The orders considered
are in most cases the maximal orders of the fields. The corresponding index
form equation is reduced to a relative Thue equation of degree 3 over the
quadratic subfield and to some inhomogeneous Thue equations of degree 3
over the rationals. At the end of the paper, numerical examples are given.

1. INTRODUCTION

Let K be a number field of degree n with ring of integers Zy. To decide whether
K admits a power integer basis, that is an integer basis of the form {1,~,... ,7" '},
and to determine all such #, is a classical problem in algebraic number theory. This
problem is equivalent to solving the corresponding index form equation, which is a
decomposable form equation of degree n(n—1)/2 in n—1 variables, with coeflicients
in Z.

In [17] the author and Schulte considered index form equations in cubic number
fields. In this case the index form equation reduces to a cubic Thue equation.

The author, Pethé and Pohst in a series of papers [10, 11, 12, 13, 14, 15] con-
sidered the same question in quartic number fields. Finally, it turned out [16] that
‘also in this case it is possible to reduce the problem of resolution of index form
equations to the resolution of cubic and quartic Thue equations.

The index form is reducible if there are nontrivial subfields of the number field
in question. For fields of higher degree the resolution of index form equations is
only feasible if the index form is reducible. For this reason, we consider now this
problem in a class of sextic number fields. In case of sextic number fields the index
form equation has -already 5 variables and degree 15. The most intensively studied
class of sextic fields is the class of totally real cyclic sextic fields (cf. [20, 6]). These
fields admit also a couple of nice properties. This is the reason why first of all we
develop a method for totally real cyclic sextic fields. In this case the field K has
both a quadratic subfield M and a cubic subfield L, and the index form has three
factors.
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Remark 1. Our algorithm is in fact applicable in all sextic fields having both a
quadratic and a cubic subfield. If the field is not totally real, the procedure becomes
simpler.

In order to be able to describe the factors of the index form in an appropriate
way, we shall restrict ourselves to orders of the form

0 =17[1,6,6%, w,wh,wbh?],

where {1,w} is a basis of M and 6 € Zg. Apart from very few exceptions (about
2%), the sextic fields with a quadratic subfield admit a relative power integral basis
{1,6,62} over the quadratic subfield (cf. Bergé, Martinet and Olivier [2] and the
tables of Olivier [23, 24]), which implies, that O is the main order of the field. The
situation is just a little bit worse for totally real cyclic sextic fields, but also in this
case we have O = Zg for almost all fields (cf. [23]).

Remark 2. In the few exceptional cases (which occur only for large discriminants)
we can represent the integers v € Zg in the form

_ To+ 10 + 2260% + yow + y1wh + yowb?

7 - d )
with g, 21, 2, Yo, Y2, Y3 € Z and with a denominator d € Z common for all v € Zg .
In this case we obtain the equations (11), (12), (13) with right-hand sides f1, f2, fs,
respectively, with f1, f2, f3 € Z satisfying f1 fofs = +d'®/Dg /D, where Dy is
the discriminant of the field K and D is the discriminant of order O, (cf. (1)).
One has to consider all triples f1, fo, f3 with this property. Our method with slight
modifications works also in this case, but the CPU time needed is much more than
in most nonexceptional cases.

The main goal of our method is to show that for totally real cyclic sextic fields the
problem of resolution of the index form equation can be reduced to the resolution of
certain Thue equations. More exactly, we obtain a relative Thue equation of degree
3 over the quadratic subfield M. Moreover, for each solution of the relative Thue
equation we get an equation of degree 3, in 2 dominating and 1 nondominating
variables being of the same nature, like an inhomogeneous Thue equation.

We remark that such inhomogeneous Thue equations were first considered by
Sprindzuk [27]. He showed that Baker’s method is applicable to equations of this
type. The author [9] pointed out that the Baker—-Davenport reduction method [1] is
also similarly usable as in the case of Thue equations, and hence one can determine
without difficulties the solutions of such equations. Until now, these results were
only of theoretical importance; this is the first case in which such inhomogeneuos
equations have found a practical application.

At the end of the paper we list all power integral bases of the first five totally
real cyclic sextic number fields with smallest discriminants. In all our examples we
have O = Zg.

2. PRELIMINARIES

Let M be a real quadratic number field, with integral basis {1,w}. Let f € Zy
be a monic, irreducible, cubic polynomial, and denote by 6 = 01,62 93 the
roots of f. Assume that K = Q(0) is a totally real cyclic sextic number field. Let

O =17[1,0,6?, w,wd, wh?).



POWER BASES IN TOTALLY REAL CYCLIC SEXTIC FIELDS 803

Denote by L the cubic subfield of K. Let Zk,Zpr, Zy, be the rings of integers of
the number fields K, M, L, respectively. Denote by 7 the conjugate of any v € K
over M.

Remark 3. The field K is the composite of its quadratic subfield M and of its cubic
subfield L. With any primitive element g of L, {1, g, 0?,w,wg,wg?} is obviously
a basis of K. If we represent any v € K in this basis, it is easy to see that
(v = %)/(w — @) € L holds.

Let 6@ = 9,6 = §@),0®) = g®). For any v € K denote by v the conju-
gate of  corresponding to #¥). Note that the generating element of the Galois group
of K is o, mapping any v € K with conjugates {y = y(1),7(2) y() ~4) ~5) ~(©6)}
onto o(y) € K with conjugates {y(®),7(6) v ~(2) ~() ~1}, Obviously, for any
v € K we have ¥ = 0%(7), and if v € M, then 5 = ().

It is easily calculated that the discriminant D of O satisfies

(1) VD = |Ng/q (0" — 6@)(w - @)*| .

Let X = (Xi1,X3,Y,Y1,Y2), define Li(X) = X100 + X5(09)2 + Yow® +
Yiw®9@) + Yow® ()2 (1 <i<6), and let

Lij(X) = Li(X) = L;(X) (1<4,5<6,i7#)).

The index form corresponding to the basis {1,6, 82, w, w8, wd?} of O is

1
2) I(X) = I(X1, X2, Yo, Y1, 1o) = 2 — I Lsx.
D 1<4<j<6

Our purpose is to find all solutions of the index form equation
3) I(z) = I(x1, 22, Yo, Y1, ¥2) = £1 in x1,%2, Y0, Y1, Y2 € Z.

This equation has only finitely many solutions (cf. [18]). An element v € O
generates a power integral basis {1,v,7%,7%,7%,~7%} if and only if the index of v,

I(y) = (O* : Z%[y)),
is equal to 1. Further, for any xo, z1, Z2, Y0, ¥2, ¥3 € Z the index of
(4) v =z + 219 + 229% + yow + y1w? + yaw??

satisfies
I(’Y) = 'I((l?]_, x2, Yo, Y1, yZ)"

Hence, v € Zk generates a power integral basis in K if and only if it is represented
in the form (4) with an arbitrary zo € Z and with a solution (21, Z2,yo,¥1,¥2) of

(3).
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3. THE FACTORS OF THE INDEX FORM

In this section we split the 15 factors of the index form into 3 groups, and from
these groups we build up the three factors with integer coefficients of the index

form.
I. Taking the pairs (¢,7) = (1, 2), (5,6), (3,1), (4,5), (2, 3), (6,4), we can see that
the forms L;;(X) in this group are just the six conjugates of L12(X). Since

Lia(X) = (6 = 6) (X1 + (6D +6@) X, +w¥i +w (6D +6®)Y;),
we have that the product of the six factors in this group is
(%) Ni/q(8™ —69) - Fi(X),
with
6)  Fi(X)=Nk/q (Xl + (0D +6) X, + wY; + w0 + 0(2))Y2>

The form F;(X) is obviously primitive.

II. Take now the pairs (i,5) = (1,5),(5,3),(3,4), (4,2),(2,6),(6,1). For these
pairs the forms L;;(X) are just the six conjugates of L15(X). The product of these
six factors is again a complete norm:

Nkq ((9(1) - 0(5)> X, + ((9(1))2 _ (9(5))2> X + (w —3)Yo
£ (w80~ 200 ¥i + (w(6D)? — 5(0®)?) ¥2).

This form is not always primitive. If it is primitive, take o = 1; otherwise, if the
ged of its coefficients in Z is d > 1, find all nonassociate integers in K of norm
+d (using the method of [8]) and let & be one of them, dividing all coefficients of
L15(X) in Zg. Then the product of the six factors equals

(7) Ni/qla) - Fa(X),

with

(8) Fa(X) = Ng/q

1) — g 1Y2 _ (982 — @
(0 6 X1+(0 )a(9 )Xz-i-wawYo

1

1) — z® MY2 — 5(9®))2
+w0 aw@ Y+w(0 )aw(e )Yz)

ITI. The remaining pairs are (¢,7) = (1,4), (5,2), (3,6). In view of our Remark 3,
for all these pairs, L;;(X)/(w — @) has coeflicients in L. Moreover, the conjugates
of L14(X)/(w — @) over L are exactly Lsa(X)/(w — @) and L3s(X)/(w — @). This
means that the product of the three factors in this group is equal to
o) _ p4) o2 _ (p(4))2
— X1 + (¢) (_ ) X2+ Yo
w—w w—w
1) — 76 MY2 _ 5(pW))2
+w0 b Y1+w(0 ) u_)(@ )Y2>

w—-w w—w

(w—@)%- Nyjq (
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The form L14(X)/(w — @) does not always have integer coeflicients in L. But the
index form I(X) has integer coefficients and therefore there must be a § € Zr, of
norm |Nz,q(B8)| = [Nk q()| (to find such an element, test again the nonassoci-
ated integers in L of norm #|Ng/q(a)| obtained by the method of [8]) such that
BL14(X)/(w — @) admits integer coefficients in L. Hence, the product of the three
factors in this group is equal to
(w—®)°
(9) ~ 7 F3(X),
Ni/q(B) (
with
o) _ p(@) P2 _ (p@)2
(10) F(X) = Nr/q (&*‘T“—)Xl + L) _( ) )Xz + BYo
w—w w—w
1) — 5@ ‘ 1Y2 — m(e9)2
[ B0 000 | PUOOR —00OP), )
w—a w—m
In view of (1), (2) and |Np,q(B)| = |Nk/q()| we conclude that the index form
equation (3) is equivalent to the system of equations

(11) Fi(z1,22,y1,y2) = £1,
(12) Fy(z1,22,90,91,%2) = £1 in 1,22,%0,¥1,%2 € Z,
(13) F3(z1,22,90,91,%2) = %1,

with the above Fy, Fy, F3 € Z[X1, X, Yo, Y1, Ya).
4. A RELATIVE THUE EQUATION OVER THE QUADRATIC SUBFIELD

We consider now the first equation (11) of the above system. In view of (6) it
can be rewritten as

Ngjo((z1 +wyr) + (00 +0@) (22 +wys)) = £1 in 1,22,90,91,%2 € Z.

The element ¢ = 0 +62) € K is of degree 6, z = x1 + wy; and y = x5 + wy, are
in Zps. Then the equation is equivalent to

(14) Ngjg(z+o0y) = %1 in z,y € Zy.
Denote by p the fundamental unit of M with x> 1. Then (14) implies
Niym(z + oy) = £p°
/

with some s € Z. Taking s = 3q+r, with ¢,r € Z,0<r <3 and ' =zu 9,y =
yp~9, we get

(15) Ngmu(@' +oy')=+p" in ',y € Zy.

For a fixed r this equation is a relative Thue equation over M. It is well known
that such an equation has only finitely many solutions. This means that equation
(14) can be reduced to three (r =0,1,2 in (15)) relative Thue equations.

We show that by analyzing equation (14) in a proper way we can find all z = z1 +
WY1,y = T3 +wys € Zpr, such that all solutions of (14) are of the form +pz, £uy
with some s € Z. The cases r = 0,1, 2 can be dealt with simultaneously; only one
solving procedure is needed.

We remark that recently de Weger [31] also solved a relative Thue equation over
a quadratic field by somewhat different methods.
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4.1. Fundamental units. Denote by 7 a unit in the cubic subfield L such that
{r,7®)} forms a fundamental system of units in L. (Such a 7 always exists, cf.
[20].) The system {u,,7(®} can always be extended to a fundamental system of
units in K ([20]).

Equation (14) can always be reduced to a unit equation in two variables over
K (see [7]). In our case, since we deal with relative conjugates over M, the factor
corresponding to p cancels, and the units in this unit equation have 4 factors with
unknown exponents. There is a well-known constructive method to analyze such
unit equations (cf. [11]).

However (see [20]), in about 95% of the totally real cyclic sextic fields there
exists a unit ¢ such that {u, 7,73, ¢,6®)} is a fundamental system of units in K.
(Exceptions occur only for very large discriminants.) Such a system of fundamental
units makes the formulas very much simpler (cf. also Remark 4 in §4.4), and ideas
of this type may be fruitful in some other applications, too. For this reason, we
assume in the following that {u, 7, ) €€ (5)} is a system of fundamental units in
K, and we develop our method in detail under this condition.

Lemma 1. Let p,7,¢ be as above. If {u, 7,73, €, 65} is a fundamental system of
units in K, then the same holds for {u, 7,73, €, 6@},

Proof. We have
(16) Niju () = €6P€® = x4t
with a t € Z. On the other hand,

Ni/p(€) = 660 = £r2(r®)°
with suitable a,b, € Z. This implies

a
§PE® = ()t = & (—T(fé))) b = grb=e(r®) e,

whence
5(5) — i(€(2))—17-b—a(7.(3))—a )

Combining this expression with (16), we obtain
5(5) = igé(S)Tb—a(T(fi))—aM—t’

which implies the assertion. O

4.2, Application of Baker’s method. Let z,y € Z)s be an arbitrary but fixed
solution of (14). Let 8 = z + gy. Obviously,

(17) B = tpulre(r®)bee(e@)d,

with l,a,b,¢,d € Z.
We use the identity

M) — @) 36) 4 (@ — ;) D) 4+ (L@ — M) 3@ =
(g e)ﬂ (g @)ﬂ (9 9)[3
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to get

(6D — @) 5O () _ @) 5
(18) (@@ —¢®) 5@ T 1= (@ — @) g0
From

73 = £1 and ¢P¢®) = 4
(cf. the proof of Lemma 1) and (17) we conclude

ﬁ(z) b—2a(,.(3)\~b—a¢cd—2c(¢(3)\—d—c,,tc
(19) G| = 7)) ey
(20) = [egehesed]
with

_ 1 Y R
81_’7'2’7'(3)’ 62—;'(5)'9 83—§2€(3)a 64—5(3)-

It follows from (19) that €1,€2,€3,€4 are multiplicatively independent. Similarly,
we obtain

8@
70
(21) =[n{ 77277377 I,

— IT—a-b(T(S))a—2b§—c—d(€(3))c—2dﬂkd

with multiplicatively independent

7-(3) 1 §(3) Mt
771-—7, n2=m, ?73="§'", ?74=W))—2-

Set v = 3®) /8. Denote by ) the conjugate of v with
22) 10g(+D)] = max [log(r")].

‘We have
log |[y®| = alog In{®| + blog|n{?| + clog|n$| + dlog In®| (1 <k <6).

Consider this system as a system of linear equations in a,b,c,d. Since the n;
are multiplicatively independent, taking any 4 of the indices 1 < k < 6 in the
above system of equations, the matrix M of the system of equations is nonsingular.
Choose the 4 indices such that the row norm of M~! become as small as possible.
Denote this value by ¢;. Then (22) implies

H= ma.x(]a|, ,bls ICI, ldD < 011 ],og 17(1)“,

whence o
|log |y\P]] > =.
C1
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This, in view of
6
(23) > logly®| =0

(holding because  is a unit in K'), implies in turn that there exists a conjugate (@)
of v with

H
< ——
(24) log [y*"] < ==
Take now the conjugate (-)(*) of all terms in the equation (18). (Note that in the
course of the computation one has to consider all possible values for i.) From (24)
we conclude

A\ @ A\ b A\ € N\d H
DY (L) (D) (LN 0 4] < 7
(25) (81 ) <€2 ) <s3 ) (84 ) es 11 <ec exp( 501),
with 0
(3) — (1) @ _ @\
_ 0 4 _|fe 4
&= @ m o 2= ( pam Q(z)) '

In view of the inequality
(26) |logt| < 2|t —1|, which holds for any real ¢ with |t — 1] < 0.795,

(25) implies

A= lalog |€§i)‘ + blog lsg)l + clog lsgf)‘ + dlog lsy)l + log ‘eg)

(27) < 2cy exp <—5£) ,

C1

where it is assumed that
(28) H > —5¢; log (0 ng) = C3.
2

We now wish to give a lower bound for the linear form A in (27) in terms of
H by using Baker’s method. We observe that €5 is multiplicatively dependent on
€1,€2,€3,&4 (Which are independent). We have

bo do
logles| = — log lel] + = log €2 + & log les| + — log leal,
with suitable integers ag, bo, co, do, m. (In our examples we always had m = 3.) Set
(29) @ =ma+ag, b=mb+by, €=mc+cy, d=md+ dy

and

HO = max(|a0|, |b0|) ICOI) |d0|)a H= ma,x(|d|, |B|’ |6|) IJI)
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Then H < mH + Hp, whence

(30) H> ,

and inequality (27) becomes

K

+ dlog |e{?

+ clog \egi)

+ blog \egi)

A= \dlog
(31) <ABH,

A = 2mcy exp (Si?:) and B =exp (5;0 )
1 1

We used the inequality of Corollary 2 of [3] (see also [4]) to obtain a lower bound
of type

(32) exp(—W (log H + C))

for A. Combining this lower bound with (31), we obtain an upper bound Hpg for
H. In our examples the upper bound was between 10** and 1046.

4.3. Reduction of the bound. The next step is to reduce the bound Hg for H.
For simplicity set v; = egz) for 1 < j < 4. Consider the lattice I' spanned by
the columns of the matrix

1 0 0 0
0 1 0 0

(33) =1y 0 1 o |’

[C’)’l] [C’h] [C’Ys] [0’74]

where [-] denotes the nearest integer and C' is a constant to be determined later.

Reduce the basis (33) of the lattice I' by the LLL-reduction algorithm (cf. [19]).
Denote by b, the first vector in the reduced basis. The assertions (i) and (ii) of the
following lemma are special cases of Lemma 3.7 of [30] and of Proposition 3.1 of
(28], respectively.

Lemma 2. (i) If
(34) 273/2p,| > V34Hp
and @,b,¢,d € Z is a solution of (31) with H = max(|al, |b|, |¢],|d|) < Hg, then

_ logC+logA—logHp
< .
(35) H< log B

(ii) If Hy is a positive constant,

(36) 1b,| > VT2,
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and @,b,¢,d € Z is a solution of (31) with H = max(|al,|d|, |¢|,|d|) < Hy, then

_ logC+1logA—1log (\ﬁ-125|21_|2 —3H? — 4FIl)
(37) H< .
log B

In the first reduction step it is advisable to use the simpler statement Lemma 2
(i). Set C = H%. Then C is large enough to expect that (34) is satisfied. By (35)
we get a reduced bound H; for H, which was in our examples between 5000 and
9500.

In the second and further reduction steps, usually Lemma 2 (ii) is applied, in
order to get more exact estimates. We set H; to be the bound obtained in the
preceding reduction step. If we take C' = H#, inequality (36) usually holds, but in
order to get a better reduced bound, we try to diminish the value of C as much as
possible. After the first reduction step, the bound Hj is not so extremely large like
in the first step, hence the LLL-reduction of the lattice I requires only a negligible
computing time, and therefore it is worth making some trials to obtain a better
bound. For this purpose, we find the smallest h such that with C = 10", (36) is
satisfied.

In our examples we reduced the bound Hp in 4 steps and finally obtained a bound
between 400-1100. A typical sequence of the bounds is, e.g., 10%5,5214, 662, 530,
524. Note that in our examples we had 0.69 < A < 160,54 < B <11.4.

‘We have to use Baker’s method and perform the reduction for all possible values
1 < i < 6. Denote by Hz the maximum of the reduced bounds obtained for
1<i<6.

We end this subsection with calculating the bound for H implied by the reduced
bound for H (cf. (29)):

Hr + H
H = max(|a|, |b],|c|,|d|]) < Hr = —R?{—O-

This bound usually also satisfies Hr > c3 (cf. (28)). In our examples, Hr was
between 171 and 359,

4.4. Testing over the remaining set. Consider again equation (18). In view of
our notation it can be rewritten as

(38) tefedesedes + 1 = Enininsnins,
with
_ o=@
5= 0@ — @

Remark 4. The main advantage of our choice of fundamental units (cf. §4.1) is that
at this step we have an equation (38) with the same exponents on both sides.

The bound Hp is too large to test directly all possible values of a,b,c,d with
absolute values below Hpg. For this reason, we apply a sieve method. We remark
that a similar test is used in [29]. The idea is that we embed O into Z,, for a prime
p. To perform the embedding, one merely has to embed # and w, which induces
the embedding for any element in O. First we represent w in the form

ZLO giei
9d

W=
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with integers g; (0 <4 <5), gq4. Then, if the prime does not divide g4, we can
easily calculate the image of w from the image of .

We determine primes p1, pa, ... such that

e The minimal polynomial of § over Q splits into linear factors mod p;,

e p; does not divide the discriminant D of O, and

e p; does not divide g4.

Then we can compute integers ej;, f;; with the property

gj = eji (mod p;) (1<j<5),

nj = fj (mod pi) (1<j<5),
with a prime ideal gp; lying above p;. Then equation (38) becomes

(39) :Eellliegiegiegiefn' +1= if{lifgiflicifgifﬁ (mod p;).

We test all possible exponents (a, b,c,d) mod (p; — 1). If a tuple (ao, bo, co, dp) is
a solution of (39) mod p;, then we generate all possible a, b, ¢,d such that

a=ag, b=by, c=cy, d=dp (mod (p; — 1)),

and
ma‘x('al» Iblv ICI, Idl) < HR-

For all these possible tuples (a,b,c,d) we test (39) modulo pe and the surviving
tuples modulo p3 etc. After about the fourth test the set of possible solutions does
not reduce any more and the tuples in this set are usually solutions of (38) as well.

The first sieving step requires a considerable CPU time (about 3 hours) and
produces a huge amount of possible solutions. This is the reason why it is worth
storing the possible tuples only after the second sieving step, which is already much
faster. The third and further steps require only a negligible amount of CPU time.
The primes we used in our examples were all less than 350.

For all solutions (a, b, ¢,d) of (38) we calculate 8 = 7%(7(3))bgc(£@3))4 (cf. (17)).
We can decide, whether there exist z,y € Zps such that

B=z+ oy
If so, then all solutions of (14) corresponding to (a, b, ¢, d) are of the form
(40) T +wyr = £ulz, o +wyp = £u"y,
with z1,%1, T2, y2 € Z depending already only on the unknown n € Z.
5. INHOMOGENEOUS EQUATIONS IN TWO DOMINATING VARIABLES
By (40) we express x1, Y1, T2, Y2 to get

o = i,u”axD_— (,E)":iw,

w—w
"y — ()T
gy =22 BT
w —w
o=y — (17745,
1y = £ VO~ (BT
w—w

Moy _ (75757
yo = £Y = (0"

(41) P
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In the following we have to determine n (which fixes also the values of 1, y1, z2,
y2 up to sign) and yo of (3). For this purpose we use equation (13).
Substituting the values of (41) into (13), we obtain an equation of the form

3
(42) I (Aes™ + Be()™ + Cryo) = 1,
k=1

with explicitly known algebraic coefficients A, B,Cr € K (1 <k < 3).

We consider this equation in detail only for n > 0. The opposite case of n < 0
is similar by interchanging the roles of Ay and Bk.

If n > 0, then in (42) the dominating variables are ™ and yo, and the value of
(@)™ is “small” compared to the dominating variables. (We recall that we defined u
with g > 1.) The structure of this equation is very similar to that of an inhomoge-
neous Thue equation considered in [9, 27]. In many respects the situation is much
simpler, because, except for small n > 0 (which values can be tested separately),
the value of |(Z)”| can be bounded by a quite small constant.

5.1. Baker’s method. The factors of F3 in (13) have algebraic integer coefficients
and the right side of (13) is £1, hence

(43) v(®) = App™ + Bi(B)™ + Cryo = £(6%)2 (68 (1 <k < 3)

with a,b € Z, where for simplicity we take 6; = 7,8, = 7(®).
We fix a small value po and determine the smallest ng (> 0) such that for
n > ng

1
n
(44) ut > e
In our examples we took uo = 10™% In the course of our considerations below
we shall require to increase ng if necessary, so that for n > ng the value of u" is
larger than certain constants. We remark that by taking po = 10~* the value of
no was essentially determined by (44). The values of n with 0 < n < ng must be
considered separately. Using puo = 1074 requires testing about 10 values n. For all
fixed n, equation (42) is a cubic polynomial equation in yo.
Denote by ¢ the index with

)| = min [v®
(45) vl = min 1],
Obviously,
(46) 9] <1.

(In the course of the computation one has to consider all possible values for i.) We
have

(47) lyol < V@] + |As|w™ + | Bilpo < 1] Ailu™

with
C1 = l.llAil,
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assuming that
n 10
(48) pt 2 m(l + |Bilwo).

For k # ¢, by (46) we obtain

|ICiv®| > |Cw® — CrD| — |CrrD)|
> |CiAy — CrAi|u™ — |Ci By — CiBi|uo — |Cil
Z 0.9|C¢Ak - CkAilﬂ,n
if

n  |CiBy — CxBilpo + | Ck|
0.1CiAr — Crds|

(49)

The above inequality implies

(50) WO 2 ea(k)p™ (k #1)
with 0.9|CiAx — CiA
er(k) = === 5 ki),
ICil

It follows from (50) that
(51) W® | >1 (k#4)
if we assume that

n 1 N
(52) W (k #1)

Consider now the equations
log |v®)|-= alog [6)] + blog |6 for 1<k <3,k#34,

as a system of linear equations in a,b. Denote by c3 the row norm of the inverse of
the matrix of this system. Then in view of (47) and (51) we conclude

(53) H = max(|al,|b]) < c3 rlrclgxlogju(k)l < c3(logcq + log ™)

with
cs = max(|Ax| + e1|Ck[ +0.01),

assuming that

(54) W™ > 1000 max | By|.
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Set now {j,k} = {1,2,3}\ {¢}. Then equation (42) can be rewritten as
Y000 = 41,

whence by (50) we get

1 1
= <
WO ®] = () k)

—2n

(53) ]

In this inhomogeneous case, Siegel’s identity becomes
(CiA; = Cy A + (Ci Ak = CudgV) + (Cedi = CiAWY) = (B)"x,
where
x = Bi(C,A, — C,A,) + B.(C) A — CrA,)) + B, (CrA; — C Ag).
Let ¢5 = |x|- By (55), (50) and (53) this identity implies

(56)
(CiA] — C]Az)ll(k) 1l < CkA] — C]Ak ﬁ C5Iﬂ|n
(C A — CrA )Y | C A, — CrA; | |v0) [(CiAx — CLA )V
< eop” " 4 erp ™ < (copo + cr) exp (—2log p™)
(=-%)
S explec ——1»,
C3
with
o — CrA, — C) A 1
* T CiAk — CeAi | c2(j)2ea(k)
Cs

¢y and cg = log(cspo + ¢7) + 2logey.

" [C A — CrAle:(5)

Using again inequality (26), we see that our estimate (56) implies

& ) 2H
< _|+blog |2~ §2exp<08—?—),
3

C.A, —C,A (k
(57) A= 1og‘_z_ﬂ_#
C,Ax — Ci A, 5 5

+ alog

assuming that

n Colo + C7
(58) =\ Tor9s

Now we have to distinguish between two cases, according as

CA, —C,A
59 =i 2
(59) ‘CzAk - CiA,
is multiplicatively independent of
(k) (k)
(60) O ana |22
6) )

or not. In our computations both cases have frequently occurred.
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5.1.1. The case of independence. In case the expression (59) is multiplica-
tively independent of the terms in (60), we can use Baker’s method (Corollary 2
of [3]) directly to the linear form A in (57) to obtain a lower bound of the form
exp(—W (log H + C)) for A. Comparing this lower bound with the upper bound in
(57) for A, we conclude with a bound Hg for H. In our examples Hg was between
10%° and 1032.

5.1.2. The case of dependence. In this case we proceed similarly as in §4.2.
There exist ag, by, m € Z such that

Cid; — CiA| a0, [6F] by |6
log | =229 — 23 B0 06 1214 P00 22
0% CiAk - CkAz m log (5%‘7) + m log 65])
(in our examples we always had m = 3). Set
(61) a=ma+ag, b=mb+by

and _ -
Hy = max(|ag|, |bo|), H = max(|al,|b]);

then H < mH + Hp, whence

(62) g>H =M
m
With this notation, (57) becomes
® 58 of
b 22 _4
(63) A =|alog 6( 5 + blog 50 < 09exp< mcg) ,
2
with
( 2H0)
cg =2mexplcg+—|.
mcs

We apply now Corollary 2 of [3] in the two variables case. Comparlng the lower
bound of type exp(—W (log H + C)) for A with (63), we conclude H < Hg. In our
examples Hp was between 102! and 10%3.

5.2. Reduction of Baker’s bound. We use different methods for the reduction
procedure in the cases of independece and dependence. Note, that these reduction
algorithms can also be developed by using lattices and ideas similar to those used in
84.3 (cf. [30]). We follow here a more traditional way, using the continued fraction
algorithm.

5.2.1. Reduction in the case of independence. Inequality (57) implies

(64) lag +b— | < AB™H,
with -
8 WA, —Ch A,
log | 2~ R B —logl—-———g A; gifhl
¢= PRk Y= 50
lOg i 5(.7) 5(.7)
and 0 0
A= —E}%?— B =exp (c—> .
llog\ @ 8

We apply now the Baker-Davenport Lemma [1] in a slightly modified form (cf.
Lemma 2 of [9]) to inequality (64):
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Lemma 3. Let C, D be positive constants. If there exists ¢ € Z such that

(65) 1<¢<CD,
2
(66) le¢ll < =55
3
> —
(67) lggll = 3.

then inequality (64) has no solutions a,b, € Z with

log (CD%A)
—_— < <
(68) log B <H<LC,
where H = max(|a|, |b]) and || - || denotes the distance from the nearest integer.

We use this lemma with C = Hg and D = 100 or 1000. Applying the continued
fraction algorithm to ¢, one can compute a ¢ satisfying (65) and (66). The same
q usually also satisfies (67), because here we are in the case of independence. In
the next step, C is the bound obtained in the preceding reduction step. Applying
the lemma about 4 times (until the bound does not diminish any further), we get a
reduced bound for H, which was below 35 in our examples. Note that it is usually
possible to reduce this bound further by testing (64) for the pairs below the reduced
bound.

One has to apply Baker’s method and the reduction algorithm for all possible
values of 7 (1 <% < 3). Let Hg be the maximum of the reduced bounds obtained
fori=1,2,3.

5.2.2. Reduction in the case of dependence. In this case, from (63) we have

(69) lag + by| < AB™H,
with ® ®
6 1) 2
=log|=3~|, =log|-2~|, A=cy, B=ex (———)
¢ = log 5 Y = log 50 P\ e
Our reduction method used in this case is again based on the continued fraction
algorithm.

We assume that |¢| < |¢|; the opposite case |¢| > |1| can be considered similarly
by interchanging the roles of @, ¢ with b, 1, respectively. First we consider only the
coprime solutions ((@,b) = 1) of (69); we shall show that from that case one can
easily obtain all solutions of (69). The case a = 0 being trivial, we may also assume
a#0.

Denote by p;/q; the convergents in the continued fraction expansion of y =
—¢/v, and by a; the corresponding partial quotients, satisfying pi+1 = a;p; +
Di—1, Gi+1 = @i¢; + gi—1 for ¢ > 0 (cf. [21]). We use the following lemma (see [5]
for its basic idea):

Lemma 4. Assume that for x = —¢/vy we have |x| < 1. Let C be a positive
constant, denote by mg the index with gm,—1 < C < ¢pm,, let

Amax = max a;,
1<mg
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and set

e =min(|x|,1 — [x|)-
Then, if G, b € Z is a solution of (69) with a # 0, (@,b) = 1, and H = max(|a|, |b|) <
C, then H satisfies one of the following inequalities:

|
70 BH < —_|
(70) < ke
7 2AH
(71 BH <« |
’ ol
(72) BH < A(Amax + 2)H
[¥]
Proof. We have
b b . .
73 - H‘ < ‘X ‘ L gt < lapH,
(73) -3 s S g

If the right side of the above inequality is < ¢, then H = |a ; in the opposite case,

(70) holds. Assume that H is large enough, and therefore H = |a|. Again, either

(71) holds, or we have

bl g 1
—ABH < —

|1/)a| 2&

-2

By (a@,b) = 1 this implies that Z a is a convergent p,/¢; in the continued fraction

expansion of x. It follows by (@, b) = 1 that b = +p; and @ = £¢; with ¢ < mg — 1,
hence (cf. [26])

1 1 b
< < ——AB_H,
(Amax +2)¢? ~ (aiy1 +2)g? ‘X ‘ [al

which implies (72).

We use Lemma 4 in the first reduction step with C = Hp. The inequalities of
Lemma 4 imply that either H is small (cf. (70), (71)), or in view of (72), we can
reduce the bound for H. In the next step we proceed by taking the reduced bound
for C and we repeat the reduction until it does not diminish the bound any further.
Usually, the reduced bound is below 10 already after the first reduction, and 2-3
reduction steps are sufficient.

By the inequality

1 B-H

le

(cf. (73)) it is obvious that if a pair (da,db) with (@,b) = 1 is a solution of (69),

then so also is the coprime pair (@, 5). Lemma 4 makes it possible to determine the

coprime solutions of (69). If, in addition, the corresponding pair (da, db) were also
a solution of the inequality, then we would have

b db

p-dl=b-l

ISIRR~

X_

1
< —AB—dH
[¥]
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with H = max(|a|, |b|), which implies

1
d< = X—

I

)

This bound for d is usually very small (< 5). For all values of d satisfying this
inequality, the pairs (da, db) should be tested together with (@, b). If some of them
are solutions of (69), then the reduced bound should be increased if necessary to
be at least as large as max(|dal,|db|). We remark that usually these calculations
do not effect the reduced bound.

One has to use Baker’s method and apply the reduction algorithm for all possible
values of 7 (1 < i < 3). Denote by Hr the maximum of the reduced bounds
obtained for ¢ = 1,2,3. From (61) we obtain

(logA — log |¢| — log

sl

(74) max(|al, b)) < Hp = T2 L0,
5.3. Testing small solutions. In the preceding sections we applied Baker’s
method and the reduction algorithm both in the case of independence (cf. §§5.1.1
and 5.2.1) and in the case of dependence (cf. §§5.1.2 and 5.2.2). Finally, we obtained
a relatively small bound Hg, for H.

Recall now the system of equations (43). In view of max(|al, |b]) < Hg, it implies

(75) |[Akp™ 4+ Cryol < T (1 <k <3),
with
Hp
Ty = (max (18171, 1/16{1) - max (1681, 1/18871) )" + |Biduo (1 <k <3).

This in turn implies a bound n < Ny for n. Moreover, we also have to test the
values of n with n < ng (cf. §5.1). This means that in the case n > 0 we have to
test the values of n with n < max(Ny, np).

Usually, Ny < ng and, as we remarked in §5.1, it is required to test about 10
values of n. For all fixed n, equation (42) is a cubic polynomial equation in yo with
coefficients in Z, and it is easy to decide if it has integer solutions in yq.

6. COMPUTATIONAL ASPECTS

The computations were done partially on a HP 9000/433s workstation and par-
tially on an IBM PC 486 AT compatible computer.

Baker’s bound for the relative Thue equation (§4.2) was about Hg = 10%°. In
the first reduction step (§4.3) we used Lemma 2 (i) with C = H#%, hence we had to
use 200 (decimal)-digit numbers. The first reduction step took about three minutes
on the HP workstation, the further steps were much faster.

Most CPU time was needed for testing the exponents a,b,c,d with
max(|al, [b],]c|,|d]) < Hr (§4.4). The test of about 10® tuples in the first siev-
ing step took about three hours on the PC, and reduced the number of tuples to
about 105. The second step needed only a few minutes, and we obtained about 10*
surviving tuples. The further steps took only a few seconds.

For all solutions of the relative Thue equation we had to solve an inhomogeneous
equation in two dominating variables (§5). The complete resolution of such an
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equation (calculating Baker’s bound, the reduction procedure, and the test of small
solutions) took about a minute on the PC. In the reduction procedure of these
equations we used 100 (decimal)—digit numbers.

7. NUMERICAL RESULTS

We computed all solutions of the index form equation (3) in the first five totally
real cyclic sextic fields with smallest discriminants. The discriminants and the
coeflicients of the polynomial f € Zjs were taken from [2]. The fundamental units
of the fields K are from the tables of [20]. All other input data were computed by
using the algorithms of the KANT package [22].

In all our examples, O = Zg, and.D = Dg is the discriminant of K. Hence the
results give all power integral bases of Zg.

It is clear from the tables of [25] that the fields with discriminants 300125,
371293, 453789 and 1075648 admit power integral bases. In case of the field with
discriminant 820125 the generating element given in [25] has index > 1, but also in
this case we found several solutions of the index form equation, that is, elements
with index 1.

In our table we list the discriminant D of K, the quadratic field M, the element
w such that {1,w} is a basis of M, and the polynomial f € Zj),. Finally we list
the solutions (z1, Z2, Yo, Y1, y2) of the index form equation (3) corresponding to the
integer basis {1, 0, 0%,w,wd,wd?} of K. If (x1, 2, Yo, Y1, y2) is a solution of (3), then
so0 also is (—x1, —Z2, —Yo0, —¥Y1, —Y2), but we list only one of them.

I. Dg = 300125, M = Q(v/5),w = 158 f(2) = 3 — (7 + Tw)t + (7 + 14w)

1 T2 Yo U Y2 1 T2 Yo U Y2
-71 68 66 44 —42 -2 1 4 -2 0
-61 73 88 38 —45 -2 2 1 1 -1
-12 11 13 7 -7 -2 3 4 1 -2
-11 13 15 7 -8 -2 3 5 1 -2
-10 -5 4 6 3 1 -1 -5 0 1
-6 6 9 3 —4 1 -1 -4 0 1
-6 6 10 3 —4 1 -1 5 -2 0
-5 4 9 2 -3 1 1 -15 3 1
-5 5 5 3 -3 1 1 -5 1 0
—4 3 4 2 -2 1 2 -1 0 -1
—4 3 5 2 -2 2 -1 -5 0 1
—4 4 9 1 -3 2 -1 —4 0 1
—4 5 5 3 -3 3 -1 -13 2 2
-3 2 9 0 -2 8 5 -88 15 6
-3 2 10 0 -2 10 4 —66 17 6
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IL Dy = 371293, M = Q(v/13),w = LB £(t) = 3 —wit?+(—10+5w)t+(2—w)

1 z2 Yo Y1 Y2 z1 Z2 Yo U Y2
-499 284 121 -383 218 -11 7 5 -9 5
-456 241 136 -350 185 -9 4 3 -7 3

-99 56 24 -76 43 -9 5 2 -7 4
-82 43 25 —63 33 -8 4 2 —6 3
—46 26 11 -35 20 -8 4 3 -6 3
—43 43 8 -33 33 -7 4 2 —6 3
—42 22 12 -32 17 —6 4 1 -5 3
-31 17 9 —24 13 -6 4 2 -5 3
-22 13 5 -17 10 —4 1 1 -2 1
-17 9 4 -13 7 —4 4 1 -3 3
-17 9 5 -13 7 -1 1 1 -2 1
-17 13 4 -13 10 -1 2 1 -3 1
-16 9 3 -12 7 0 1 5 -1 0
-16 9 4 -12 7 1 0 0 1 0
-15 8 4 -11 6 4 4 24 -3 -1
-14 8 4 -11 6 6 -2 0 -1 0
-14 8 5 -11 6 10 2 1 —4 -1

IIL. Dy = 453789, M = Q(v/21),w = Y2 £(t) = 3 —wi?+(—1+w)t+(—3+w)

z1 Z2 Yo hn Yo Z1 Z2 Yo hn Y2

-52 25 4 -29 14 -1 4 3 0 -1
-43 16 13 -24 9 0 -1 0 1 0
-12 7 2 -7 3 0 1 0 0 0
-11 5 4 -6 2 1 -2 -1 1 0
-9 9 1 -5 5 1 0 0 0 0
-8 -3 2 3 1 1 1 1 1 -1
-7 3 0 -4 2 1 2 3 0 -1
-5 1 1 -1 1 2 -1 -1 1 0
-5 2 2 -3 1 2 -1 0 1 -1
-5 3 2 -3 1 2 1 1 1 -1
-4 1 0 -2 1 3 -2 0 2 -1
-3 14 12 1 -5 4 3 4 1 -2
-2 2 2 -1 0 5 17 20 -2 -6
-1 2 0 -1 1
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IV. D = 820125, M = Q(v/5),w = 15 f(t) = 3 + (—6 — 6w)t + (6 + 11w)

x1 T2 Yo Y1 Y2 Z1 X2 Yo n Y2
-10 8 4 6 -5 1 2 -8 2 0
-4 3 2 2 -2 2 -4 -10 0 3
—4 11 16 2 -7 2 -1 -12 2 2
-1 0 0 1 0 2 -1 —4 0 1
-1 1 3 0 -1 2 0 -9 1 1
-1 1 5 0 -1 2 0 -7 1 1
0 -2 8 -3 0 2 1 2 -2 -1
0 0 -2 1 0 3 2 -26 5 2
0 0 8 -2 -1 3 2 -22 6 2
1 0 —4 2 0 6 3 0 -4 -2
1 1 -5 1 0 8 4 —68 13 6
1 1 -3 1 0 9 4 -60 15 6

z1 Z2 Yo n Y2 T Z2 Yo n Y2
-6 -2 1 2 1 3 -5 2 2 -1
-6 2 1 -2 1 3 5 2 -2 -1
-3 0 -1 0 1 5 -8 4 2 -3
1 0 0 0 0 5 8 4 -2 -3
2 —4 1 1 -1 11 -10 7 4 —4
2 0 2 0 -1 11 10 7 -4 -4
2 4 1 -1 -1
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